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We determine the antisymmetric current-current response for a pair of (type-I) tilted Weyl cones
with opposite chirality. We find that the dynamical chiral magnetic effect depends on the magnitude
of the tilt and on the angle between the tilting direction and the wave vector of the magnetic field.
Additionally, the chiral magnetic effect is shown to be closely related to the presence of an intrinsic
anomalous Hall effect with a current perpendicular to the tilting direction and the electric field. We
investigate the nonanalytic long-wavelength limit of the corresponding transport coefficients.
PACS numbers: 71.55.Ak, 78.70.-g, 71.15.Rf
Introduction.— In classical electrodynamics, magnetic
fields always induce currents that are perpendicular to
the magnetic field direction due to the Lorentz force.
However, in quantum electrodynamics, a current can also
be generated in the same direction as the magnetic field.
This was first realized for massless fermions in particle
physics1,2. It is a consequence of the fact that quantum
mechanically a magnetic field quenches the kinetic energy
perpendicular to its direction and also spin polarizes the
lowest Landau level. As a result massless fermions only
obtain a drift velocity along the magnetic field with an
opposite sign for opposite chiralities. Inducing an im-
balance between the two chiral species then gives a net
current along the magnetic field direction known now as
the chiral magnetic effect (CME).
Massless chiral fermions also occur as low-energy quasi-
particles in the recently discovered Weyl (semi)metals3–7.
These quasiparticles do not move at the speed of light,
as in elementary-particle physics, but rather at the Fermi
velocity. Additionally, the effective Weyl cones with dif-
ferent chirality are in a real material always connected by
the full bandstructure and hence electrons can be trans-
ported from one cone to another by applying both an
electric and a magnetic field8. In particle physics the
same phenomenon occurs due to the breaking of chiral
symmetry by quantum corrections. This breaking of chi-
ral symmetry due to the renormalization of ultraviolet
divergencies is called a chiral anomaly and causes the
difference between the numbers of particles with positive
and negative chirality to be no longer conserved9–11.
The main difference with particle physics is that
Lorentz invariance is not enforced in a condensed-matter
material. This gives, besides a velocity that is smaller
than the speed of light, also the possibility that Weyl
nodes are separated in energy-momentum space. Split-
ting them in the momentum direction gives rise to a topo-
logical anomalous Hall effect8, whereas splitting them in
the energy direction is exactly the situation of most in-
terest for the CME2,12. Indirect measurements of the
chiral magnetic effect have recently been made by the ob-
servation of a negative magnetoresistance13–16. Another
interesting possibility is tilting the Weyl cones, mean-
ing that the slope of the dispersion relation is not the
FIG. 1: Illustration of a band structure with two imbalanced
Weyl cones at chiral chemical potentials µ± and node energies
E±, both tilted in the same direction t.
same in opposite directions17,18. Materials that exhibit
such tilted Weyl cones are of type I if the tilt is rel-
atively small and of type II if the cones are overtilted
such that the electron and hole dispersions intersect the
energy plane of the Weyl node itself19–21. Moreover, the
tilt is affected and can even be generated by disorder and
interaction effects22–24. It is thus of considerable interest
to investigate what such a tilt does to the chiral magnetic
conductivity of a Weyl (semi)metal.
The chiral magnetic conductivity is in principle a func-
tion of the wavenumber and frequency of the applied
magnetic field25. When calculating the long-wavelength
limit, the order of limits is crucial and we need to dis-
tinguish the case in which the Weyl nodes are located at
the same energy and the case in which they are not26–29.
Only when the chiral imbalance of the two Weyl nodes
is exactly opposite to their energy separation, is there a
vanishing current in the static limit12,30,31.
Here, we reconsider these subtleties for a pair of
type-I tilted Weyl cones. We first illustrate the short-
wavelength physics involved by calculating the full fre-
quency and wave-number dependence of the effective
CME for a transverse electromagnetic wave propagating
along the tilting direction. For arbitrary magnetic field
directions we focus on the long-wavelength response. We
find that the chiral magnetic conductivity is anisotropic
and in general nonuniversal, even though the chiral
anomaly is unmodified by the tilt. Our results for the
homogeneous and static limit are summarized in Fig. 4.
Current-current response function.— We consider a
pair of Weyl cones with opposite chiralites ± that are
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2doped with chemical potentials µ± ≡ µ±µ5, defined with
respect to the Weyl nodes, as depicted in Fig. 1. The chi-
ral chemical potential µ5 indicates a chiral population im-
balance that can be created by applying an electric field
pulse with a component parallel to an already present
magnetic field. We also allow the Weyl nodes to be split
up in energy, which we denote by ∆E ≡ E+ − E−, and
we comment on the effect of this later on. The topolog-
ical anomalous Hall effect, however, is well understood
and therefore not discussed throughout the following.
Furthermore, we consider for simplicity cones with an
isotropic Fermi velocity vF , which is straightforwardly
generalized to the anisotropic case.
Tilting the cones in a direction t can be achieved in
two distinct ways. Either we introduce a momentum-
dependent chiral chemical potential µ5(k) ≡ µ5−~vFk·t,
or a momentum-dependent chemical potential µ(k) ≡
µ − ~vFk · t, where ~k is the momentum. Only the lat-
ter replacement breaks inversion symmetry32. Physically,
breaking inversion symmetry corresponds to tilting the
two cones in the same direction (c.f. Fig. 1), while inver-
sion symmetry is preserved upon tilting the two cones in
opposite directions. In this paper we perform all calcu-
lations explicitly in the case that inversion symmetry is
broken, and we comment on the other case in our discus-
sion. Hence, the appropriate Hamiltonian reads (~ = 1)
H(k) = (vFk · σ − µ5σ0)τz + (vFk · t− µ)τ0σ0, (1)
where τ are the Pauli matrices acting in orbital space and
σ in spin space, complemented by the 2×2 unit matrices
τ0 and σ0. The Hamiltonian has four distinct eigenvalues
σEk + vFk · t − µσ′ , with Ek ≡ vF |k| the dispersion
relation of the massless fermions and σ, σ′ = ±. Here, we
consider type-I (semi)metals, meaning that we restrict
ourselves to 0 < t < 1 for t = |t|. For simplicity we
consider the two cones to have the same absolute value
for the tilt t, but also this is easily generalized.
In order to calculate the response to an externally ap-
plied magnetic or electric field, we couple the fermions
with charge −e to an external vector potential A via
the minimal coupling prescription k → k + eA. Next,
we perform second-order perturbation theory in the ex-
ternal gauge field to obtain the current-current response
function Πij(q, ω; t). In the process the subtraction of
the two Dirac seas of the cones leads to the elimination
of a logarithmic ultra-violet divergence. In terms of the
frequency ω+ = ω + i0, the antisymmetric part of the
retarded current-current response function Πl(q, ω; t) =
ijlΠ
ij(q, ω; t)/2 reads
iΠl(q, ω; t) =
e2v2F
2
∑
σ,σ′,σ′′
σ
∫
d3k
(2pi)3
Fσ
′σ′′
l (k,q; t)
×
[
NF(Ek−σ′µσ(k))−σ′σ′′NF(Ek+q−σ′′µσ(k+q))
ω+ − vFq · t+ σ′Ek − σ′′Ek+q
]
, (2)
where we defined a structure factor Fσσ
′
l (k,q; t) by
Fσσ
′
(k,q; t) ≡ k|k|−σσ
′ k+q
|k+q|−σ
′q(t · k)−(q · t)k
|k+q||k| . (3)
In Eq. (2) we denoted the Fermi-Dirac distribution by
NF(x) ≡ (ex/kBT + 1)−1 and all three sums run over
σ, σ′, σ′′ = ±. Physically, the sum over σ accounts for
the two cones, whereas the sums over σ′ and σ′′ account
for the four possibilities for particle-hole pairs in a chiral
cone consisting of two touching bands. In the limit t = 0
the expression in Eq. (2) reduces to the well-known result
for a three-dimensional chirally doped Weyl semimetal33.
Including a tilt alters the energy-dispersion relation and
yields an additional term in the interaction vertex, re-
sulting in the last term in the structure factor in Eq. (3).
The antisymmetric part of the current-current re-
sponse function in Eq. (2) is in general37 spanned by a
linear combination of the vectors q and t, i.e., we can
decompose it as
iΠl(q, ω
+; t) = σCME(q, ω)ql + σ
AHE(q, ω)ωtl. (4)
As explicitly indicated this gives rise to two distinct ef-
fects: a chiral magnetic effect and a tilt-induced planar
intrinsic anomalous Hall effect (AHE)34–36. The corre-
sponding currents read
JCME(q, ω) = σCME(q, ω)B(q, ω), (5)
JAHE(q, ω) = σAHE(q, ω)t×E(q, ω), (6)
in terms of the chiral magnetic and anomalous Hall
conductivities σCME(q, ω) and σAHE(q, ω), respectively.
The intimate relation between these two effects is
even more clear in relativistic notation, where we have
that Πκν = iκλµνPλqµ and thus J
κ = ΠκνAν =
κλµνPλFµν/2, where Fµν is the Faraday tensor and
Pλ = (σCME, σAHEt) elegantly combines the two con-
ductivities. Note that the gauge invariance of the result
is then also manifest.
In the following, we discuss the tilt dependence of both
effects separately. In principle, both σCME(q, ω) and
σAHE(q, ω) depend on the angle between q and t. In or-
der to make analytic progress, however, we specialize to
zero temperature and first consider as an illustrative ex-
ample the propagation of a purely transverse electromag-
netic wave (light) with q ‖ t for arbitrary wavenumbers
and frequencies. This case corresponds to B ⊥ t, E ⊥ t,
and B ⊥ E, as the magnetic field is given in momentum
space by B(q, ω) = iq ×A(q, ω) = q × E(q, ω)/ω, and
gives an effective CME response that, interestingly, is a
combination of the chiral magnetic and anomalous Hall
effects.
Effective chiral magnetic effect for a transverse wave
with q ‖ t.— In the above case the total current
along the magnetic field is determined by the effective
CME conductivity σCME⊥ (q, ω) ≡ iqlΠl(q, ω+; t)/q2 =
σCME(q, ω) + σAHE(q, ω)ωt/q, with q = |q|. The de-
tails of the calculation can be found in the Supplemental
Material46. Ultimately we find for the effective chiral
magnetic conductivity
σCME⊥ (q, ω) =
e2
4pi2
∑
σ=±
σµσSCME⊥
(
ω+
vF q
−t, µσ
vF q
; t
)
. (7)
3FIG. 2: Plot of the real (solid lines) and imaginary (dashed
lines) part of SCME⊥ for 2µσ/vF q = 25 and for t = 0 (red,
green) and t = 1/3 (blue, orange). The left plot shows the
behavior for small ω/vF q, whereas the right plot shows the
resonance for larger values of ω/vF q. The black dotted-dashed
lines indicate the static and homogeneous limit for t = 0.
The dimensionless function SCME⊥ (x, y; t) captures all fre-
quency, wavenumber and tilt-dependence of the conduc-
tivity. It is given by
SCME⊥ (x, y; t)=
1− x2
2(1 + xt)
−
∑
σ,σ′=±
σKσ′(x, y; t)Hσσ′(x, y; t),
(8)
in terms of the dimensionless functions
Kσ(x, y; t) ≡
(
1− x2
16y
)[(
2σy + t+ x
1 + xt
)2
− 1
]
, (9)
Hσσ′(x, y; t) ≡ log
(
1 +
2y
(1− σσ′t)(σ′x− σ)
)
. (10)
The expression for the conductivity in Eq. (13) has a non-
trivial dependence on the wavenumber q and frequency
ω of the externally applied field. In fact, it is a func-
tion of the fraction ω/vF q, giving a different result in
the homogeneous limit and the static limit. Indeed, in
the static limit (ω/vF q → 0), we find the well-known8,19
universal result e2µ5/2pi
2, whereas in the homogeneous
limit (ω/vF q →∞), we find the tilt-dependent result
lim
q→0
ω→0
σCME⊥ (q, ω)→
[
1− 2l(t) + tl(t) ω
vF q
]
e2µ5
2pi2
, (11)
in terms of the function
l(t) ≡ 1
2t3
log
(
1 + t
1− t
)
− 1
t2
t→0
=
1
3
. (12)
We thus obtain the result e2µ5/6pi
2 for the homogeneous
limit of Eq. (11) if t = 029. The function l(t) diverges
upon taking the limit t→ 1. The physical reason for this
divergence is that then the cones are tilted up to the point
that the density of states becomes infinite, thus resulting
in an infinite conductivity. In fact, the conductivity in
Eq. (11) is due to the presence of the in-plane anomalous
Hall effect formally always infinite in the homogeneous
limit ω/vF q → ∞. Note, however, that for light propa-
gation we have that ω/q is equal to the speed of light in
the material.
FIG. 3: Anisotropic behavior of Re[SCME] for t = 1/2 as
a function of the angle ϑ and the radial coordinate ω/vF q.
In the static (small radius) and homogeneous (large radius)
limit, we obtain the isotropic results 1 and (1− t2)l(t) ' 0.3.
We plot the full dependence of the real and imagi-
nary part of SCME⊥
(
ω+/vF q − t, µσ/vF q, t
)
on ω/vF q for
a fixed value of µσ/vF q and different values of the tilt t
in Fig. 2. When t = 0, the real part interpolates between
the value 1 in the static limit and 1/3 in the homogeneous
limit33,38. Additionally, there is a resonance at ω = 2µσ,
after which the conductivity goes to zero as 1/ω. This
resonance is effectively shifted to infinity in the homoge-
neous limit. For a nonzero tilt t, the static limit remains
unchanged and in the homogeneous limit the real part of
the conductivity diverges as tl(t)ω/vF q, rather than be-
coming constant as in the case of zero tilt. The resonance
at ω = 2µσ remains present at nonzero tilt but becomes
broader, as its width is now set by 2µσ/(1±t). Note that
the conductivity σCME⊥ (q, ω) depends in a highly nonlin-
ear way on the chiral imbalance µ5. Theoretically this
implies that the CME is not fully determined by the tri-
angle diagram of the chiral anomaly. This is only true in
the long-wavelength limit39,40.
At this point it is important to discuss why the conduc-
tivity is finite in the static limit in equilibrium. In deriv-
ing Eq. (2) a logarithmic divergence was avoided by a can-
cellation of the Dirac-sea contributions of the two cones.
This cancellation is correct up to a constant, which is
proportional to the energy separation ∆E = E+−E− of
the Weyl nodes41–43. Hence, our answers for the static
limit and Eq. (11) only apply when the energy separa-
tion between the nodes is zero. If that is not the case,
then the true equilibrium situation corresponds to the
situation where the chiral imbalance is exactly canceled
by the energy separation between the Weyl nodes, i.e.,
2µ5 = µ+−µ− = −∆E. Using this renormalization con-
dition, we find that the chiral magnetic conductivity is
zero in equilibrium, as expected. We will follow the same
procedure when we consider a general angle between the
externally applied magnetic field and the tilt direction.
Angle dependence of the chiral magnetic effect.— We
define ϑ to be the angle between q and t, such that
q · t = qt cosϑ ≡ qt‖. For arbitrary angles ϑ we can-
not perform the necessary integrals analytically for all
wavenumbers q and frequencies ω. However, we can in-
vestigate the tilt dependence of the long-wavelength limit
of the conductivity for arbitrary angles. To do so, we take
4FIG. 4: Results for the long-wavelength limit of the chi-
ral magnetic conductivity. We show the cases (I) where
2µ5 = −∆E and (II) where the Weyl node separation is zero,
i.e., ∆E = 0. The zero-tilt results are28,29 (bottom, left)
e2∆E/6pi2, and (bottom, right) e2µ5/6pi
2. The response in
the second row is sometimes referred to as gyrotropy.
the limit q → 0 in the integrand of Eq. (2), while keeping
ω/vF q fixed. Keeping in mind that we are not consid-
ering a possible topological contribution to the anoma-
lous Hall effect, we find in general the interesting relation
σAHE(q, ω) = σCME(q, ω)/vF (1− t2) with
σCME(q, ω) =
e2µ5
2pi2
SCME
(
ω+
vF q
− t‖; t
)
. (13)
The dimensionless function SCME(x; t) is given by
SCME(x; t) = (1− t
2)(1− x2)
N2(x, t)
[
1+
(x+t‖)H(x; t)
2N(x; t)
]
, (14)
in terms of N(x; t) ≡ √(1− t2)(1− x2) + (x+ t‖)2,
H(x; t) ≡∑σ=± σ log[(x−σ)Mσ(x; t)], and finally also46
Mσ(x; t) ≡ (1+N(x; t)+t‖x)(1−σt‖)−(t2−t2‖)(1+σx).
In Fig. 3 we show the resulting angular dependence of the
conductivities. In the static limit we have that the chiral
magnetic conductivity is equal to e2µ5/2pi
2 and is inde-
pendent of the tilt19. In the homogeneous limit we find
the result (1 − t2)l(t)e2µ5/2pi2 for all angles44. Again,
we need to add an appropriate renormalization constant
for ∆E 6= 0 such that the chiral magnetic current is
zero in equilibrium. Using this subtraction procedure,
which in particle physics amounts to adding a Bardeen
counterterm43, we find a general answer that depends on
µ5 and ∆E and modifies the results in the homogeneous
limit. We displayed the final results for the special cases
of equilibrium and zero energy separation between the
cones in Fig. 4.
Frequency dependence of the anomalous Hall effect.—
As advertized the tilt induces another interesting effect,
namely a planar intrinsic anomalous Hall effect with a
current given by Eq. (6) that is perpendicular to both
the external electric field and the tilting direction. Apart
from the long-wavelength limit following from Eq. (13),
FIG. 5: Plot of the real (solid lines) and imaginary (dashed
lines) parts of the function SAHE(ω+/µσ; t) for t = 1/3 (red,
green), and t = 1/2 (blue, orange)34. The black dotted-
dashed line indicates the tilt-independent limit.
we are also able to obtain the full frequency dependence
of the homogeneous anomalous Hall conductivity as46
σAHE(0, ω) =
e2
4pi2vF
∑
σ=±
σµσSAHE
(ω+
µσ
; t
)
, (15)
in terms of the dimensionless function
SAHE(y; t) = − 1
2t2
+
∑
σ,σ′
σ′Lσ(y; t)Hσσ′(0, 1/y; t), (16)
where Lσ(y; t) ≡
[
y2t2 − (2 − σy)2]/16yt3 and again
we encounter the functions Hσσ′(x, y; t) from Eq. (10).
This result was recently obtained in a different way
both analytically34,35 and numerically36. In the zero-
frequency limit the conductivity reduces to σAHE(0, 0) =
l(t)e2µ5/2pi
2vF , which corresponds exactly to the slope of
the linear divergence in Eq. (11). We plot the dependence
of the real and imaginary part of SAHE(ω+/µσ; t) on
ω/µσ in Fig. 5 for several magnitudes of the tilt. Again,
we observe a resonance behavior around ω = 2µσ, similar
to the one in Fig. 2, because the current response in that
figure is dominated by the AHE at large frequencies.
Discussion.— We have shown that the electric and
magnetic response of a pair of tilted Weyl cones is in
general non-universal and depends on the magnitude of
the tilt and on the angle between the tilt direction and
the wave vector of the magnetic field. However, the chi-
ral anomaly is due to the lowest Landau level, which only
obtains a change of slope due to a tilting of the cones2.
Hence, we expect the chiral anomaly to be unmodi-
fied and thus isotropic. Using the relation between the
current-current correlation function and the triangle dia-
gram in the static (adiabatic) limit, we find for the time
derivative of the chiral number density n5 ≡ n+ − n−,
dn5
dt
= lim
ω→0
e2
2pi2
SCME
(
ω+
vF q
− t‖; t
)
E ·B. (17)
In the static limit we have SCME(ω+/vF q − t‖; t) → 1,
such that we indeed find an unmodified chiral anomaly.
Additionally, we showed that the chiral magnetic effect
is closely related to an in-plane tilt-induced anomalous
Hall effect, for which we calculated the dynamical con-
ductivity. We have also performed all these calculations
in the case that inversion symmetry is not broken, corre-
sponding to tilting the Weyl cones in opposite directions.
An important consequence is that in the long-wavelength
limit the anomalous Hall effect becomes proportional to
2µ, instead of 2µ5, i.e., σ
AHE(0, 0) = l(t)e2µ/2pi2vF . The
chiral magnetic effect, however, remains proportional to
2µ5 due to Bloch’s theorem
45.
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In this supplemental material we provide detailed derivations of some of the results given in the
main text. We start by explicitly deriving the form of the antisymmetric part of the current-current
response function. Subsequently, we calculate the full wavenumber and frequency-dependence of
the effective chiral magnetic conductivity for a transverse wave. Furthermore, we calculate the
long-wavelength limit of the chiral magnetic conductivity for arbitrary angles between the tilting
direction and the wavenumber of the external field. Finally, we show the calculation of the full-
frequency behavior of the planar intrinsic anomalous Hall conductivity.
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A. Conventions 7
I. DERIVATION ANTISYMMETRIC PART CURRENT-CURRENT RESPONSE FUNCTION
In this section we derive the antisymmetric part of the current-current response function as given in Eq. (2) in the
main text. We describe the two Weyl fermions with opposite chirality by the four-dimensional Dirac spinor ψ and
denote the corresponding chiral imbalance by µ5. Setting vF = ~ = 1 for the moment, the Hamiltonian in Eq. (1) in
the main text corresponds to the following quadratic action in Fourier space
S[ψ¯, ψ] =
∫
d4k
(2pi)4
ψ¯(k)
[
/k − µγ0 − µ5γ0γ5 + (k · t)γ0
]
ψ(k), (1)
where γµ are the Dirac gamma matrices and /k = kµγ
µ = ηµνk
νγµ in terms of the Minkowski metric ηµν =
diag(−,+,+,+) and the four-momentum kµ = (ω,k). The corresponding inverse fermion propagator reads S−1F (k) =−i[/k − µγ0 − µ5γ0γ5 + (k · t)γ0]. Our conventions for the gamma matrices γµ can be found in Appendix A. We
proceed by coupling the Weyl fermions with charge −e to an external gauge field Aµ(k) via the minimal coupling
prescription. This yields a coupling term in the action of the form
Jµ(k)Aµ(−k) =
[
eψ¯(k)γµψ(k)
]
Aµ(−k) +
[
eψ¯(k)γ0tiψ(k)
]
Ai(−k). (2)
Subsequently, we perform second-order perturbation theory in the coupling to find that the effective action for the
gauge field reads
Seff[A] = −1
2
∫
d4q
(2pi)4
Aµ(q)Π
µν(q)Aν(−q), (3)
∗ e.c.i.vanderwurff@uu.nl
2with Πµν(q) the polarization tensor of the Weyl (semi)metal. Focusing on the spatial components, it reads
Πij(q) = ie2
∫
d4k
(2pi)4
Tr
[
SF (k + q)
(
γi + tiγ0
)
SF (k)
(
γj + tjγ0
)]
. (4)
To proceed, it is useful to define
iG−1F (k) ≡ iγ0S−1F (k) =
(
ω + k · σ + µ−(k) 0
0 ω − k · σ + µ+(k)
)
≡
(
G−1− (k)
0 G−1+ (k)
)
, (5)
where we also defined the momentum-dependent chemical potentials µ±(k) ≡ µ ± µ5 − k · t. Inverting the Green’s
function yields G±(k) = G±µ (k)σµ, with σµ = (1,σ) and
G±0 (k) ≡
ω + µ±(k)
(ω + µ±(k))2 − k2 and G
±
i (k) =
±ki
(ω + µ±(k))2 − k2 . (6)
Using SF (k) = GF (k)γ
0 we rewrite the polarizability as
Πij(q) = −ie2
∫
d4k
(2pi)4
{
G−α (k + q)G−β (k)Tr
[
σα(σi−ti)σβ(σj−tj)]+ G+α (k + q)G+β (k)Tr[σα(σi+ti)σβ(σj+tj)]}. (7)
We extract the antisymmetric part by writing Πl(q) = ijlΠ
ij(q)/2. For the trace we find
ijlTr
[
σα(σi ± ti)σβ(σj ± tj)] = 4i(δαl δβ0 − δα0δβl ∓ tαδβl ± tβδαl ). (8)
For briefness, we write Πl(q) = Π
(1)
l (q) + Π
(2)(q), with
Π
(1)
l (q) = 2e
2
∑
σ
∫
d4k
(2pi)4
[
Gσl (k + q)Gσ0 (k)− Gσ0 (k + q)Gσl (k)
]
,
Π
(2)
l (q) = 2e
2
∑
σ
σ
∫
d4k
(2pi)4
[
Gσl (k + q)Gσi (k)ti − Gσi (k + q)tiGσl (k)
]
. (9)
Here Π(2)(q) includes the effects of the corrections on the current operator due to the tilt of the Weyl cones. We
start by considering Π(1)(q). Upon Wick rotating, we obtain in terms of the complex frequency z and the fermionic
Matsubara frequency iωn,
Π
(1)
l (q, z; t) =
2ie2
β
∑
σ,iωn
∫
d3k
(2pi)3
[
Gσl (k+ q, iωn + z)Gσ0 (k, iωn)− Gσ0 (k+ q, iωn + z)Gσl (k, iωn)
]
=
ie2
2
∑
σ
σ
∫
d3k
(2pi)3
[
NF(|k| − µσ(k))
(
− F
−
l (k,q)
z − q · t+ |k| − |k+ q| −
F+l (k,q)
z − q · t+ |k|+ |k+ q|
)
+NF(−|k| − µσ(k))
(
F+l (k,q)
z − q · t− |k| − |k+ q| +
F−l (k,q)
z − q · t− |k|+ |k+ q|
)
+NF(|k+ q| − µσ(k+ q))
(
F−l (k,q)
z − q · t+ |k| − |k+ q| −
F+l (k,q)
z − q · t− |k| − |k+ q|
)
+NF(−|k+ q| − µσ(k+ q))
(
F+l (k,q)
z − q · t+ |k|+ |k+ q| −
F−l (k,q)
z − q · t− |k|+ |k+ q|
)]
,
where we performed the sum over the fermionic Matsubara frequencies yielding the Fermi-Dirac distributions NF(x) ≡
(eβx + 1)−1, with β ≡ 1/kBT , and we abbreviated
F±l (k,q) ≡
kl
|k| ±
kl + ql
|k+ q| . (10)
Next, we write for the second and fourth group of terms by using NF(−x) = 1−NF(x). Performing this replacement,
we see that the +1-term directly drops out for the terms proportional to F−l (k,q). The other two terms drop out
3individually after summing over σ. This is the point where we substract two linearly divergent integrals to yield
zero, which is correct up to a constant proportional to the energy separation of the Weyl cones ∆E. We use the
undetermined proportionality constant to fix the current to be zero in equilibrium. Doing a similar calculation for
Π(2)(q) we find
Π
(2)
l (q, z; t) =
ie2
2
∑
σ,σ′,σ′′
σ
∫
d3k
(2pi)3
[
σ′′
ql(t · k)− (q · t)kl
|k||k+ q|
][
NF(|k| − σ′µσ(k))− σ′σ′′NF(|k+q| − σ′′µσ(k+q))
z − q · t+ σ′k − σ′′|k+ q|
]
, (11)
with σ, σ′, σ′′ = ±. Adding up both contributions and reinstating all factors vF we arrive at
iΠl(q, z; t) =
e2v2F
2
∑
σ,σ′,σ′′
σ
∫
d3k
(2pi)3
[
kl
|k| − σ
′σ′′
kl + ql
|k+ q| − σ
′′ ql(t · k)− (q · t)kl
|k||k+ q|
]
×
[
NF(Ek − σ′µσ(k))− σ′σ′′NF(Ek+q − σ′′µσ(k+q))
z − vFq · t+ σ′Ek − σ′′Ek+q
]
,
(12)
with Ek = vF |k| the dispersion relation of the massless fermions. The terms between the first pair of square brackets
define the form factor Fσ
′σ′′(k,q; t) as used in the main text. Furthermore, note that all the calculations we present
in the main text are at zero temperature. This is achieved by the replacement NF(x) → ϑ(−x), in terms of the
Heaviside function ϑ(x).
II. DECOMPOSITION ANTISYMMETRIC PART CURRENT-CURRENT RESPONSE FUNCTION
Note that with the definitions Eq. (3) and Eq. (4) the current reads
J i(q) =
δSeff[A]
δAi(−q) = −
1
2
[
Πij(−q) + Πji(q)]Aj(q) = ijlΠl(q)Aj(q), (13)
where in the last equality we only considered the antisymmetric contribution to the current. Hence, if we use the
decomposition as presented in the main text, i.e.,
iΠl(q, ω
+; t) = σCME(q, ω)ql + σ
AHE(q, ω)ωtl, (14)
we obtain the chiral magnetic and anomalous Hall contributions to the current:
J(q, ω) = σCME(q, ω)B(q, ω) + σAHE(q, ω)t×E(q, ω). (15)
Finally, we can obtain the individual conductivities from the decomposition in Eq. (14) by forming the following linear
combinations of the projections qlΠ
l(q, ω+; t) and tlΠ
l(q, ω+; t):
σCME(q, ω) =
t2(iqlΠ
l)− (q · t)(itlΠl)
q2t2 − (q · t)2 and σ
AHE(q, ω) =
1
ω
q2(itlΠ
l)− (q · t)(iqlΠl)
q2t2 − (q · t)2 . (16)
Physically there is no pole at q2t2− (q · t)2 = 0. Hence, we expect the denominator to exactly drop out once we form
the linear combinations in the numerator to find the conductivities.
III. EFFECTIVE CHIRAL MAGNETIC EFFECT FOR A TRANSVERSE WAVE WITH q ‖ t
We now consider the case where the external wavenumber of the gauge field is parallel to the tilting direction: q ‖ t.
This corresponds to B ⊥ t as B(q, ω) = iq×A(q, ω). If we additionally impose that the external gauge field concerns
a purely transverse electromagnetic wave, then we also have E ⊥ t and E ⊥ B, as B(q, ω) = q × E(q, ω)/ω. The
effective chiral magnetic conductivity σCME⊥ (q, ω) is then a combination of the chiral magnetic and anomalous Hall
effects. It can be found by projecting Eq. (14) onto ql, i.e.,
σCME⊥ (q, ω) =
iqlΠ
l
⊥(q, ω
+; t)
q2
= σCME(q, ω) + σAHE(q, ω)
ωt
q
, (17)
4where the subscript “⊥” indicates that this equality is only valid in the case B ⊥ t, or q ‖ t. We now proceed
by calculating this effective chiral magnetic conductivity for all frequencies and wavenumbers. Thus, we need to
perform the three-dimensional integral after projecting Eq. (12) onto ql. We can put q along the z-axis without loss of
generality and subsequently go to spherical coordinates (φ, θ, k). Then we have q ·k = qk cos θ and also k ·t = kt cos θ,
because we are considering the case q ‖ t. The integral over the azimuthal angle φ is trivial and yields 2pi. The
integral over the polar angle can be simplified by two distintinct changes of variables. For the terms proportional to
ϑ(±µσ(k) − Ek) we introduce k′ ≡ |k + q| such that k · q = (k′2 − k2 − q2)/2. On the other hand, for all terms
proportional to ϑ(±µσ(k+ q)−Ek+q) we first perform a shift k→ k− q and subsequently perform a similar change
of variables. In the end we find, taking vF = 1 for now,
iqlΠ
l
⊥(q, z; t) =
e2
16pi2q
∑
σ,σ′
σσ′
∑
σ′,σ′′
I(q, z;σ′µσ, t), (18)
where
I(q, z;µσ, t) =
∑
σ′,σ′′
∫ ∞
0
dk
∫ k+q
|k−q|
dk′
[
σ′fσ′σ′′(k′, k, q)
z′ + σ′k − σ′′k′
]
ϑ
(
σ′µσ + σ′
tk2
2q
+ σ′
qt
2
− k − σ′ tk
′2
2q
)
, (19)
in terms of z′ ≡ z − q · t and the function
fσ′σ′′(k
′, k, q) ≡ σ′k′(k′2 − k2 − q2)− σ′′k(k′2 − k2 + q2). (20)
After carefully distinguishing the cases when the Heaviside function in Eq. (19) is nonzero, we find
I(q, z;µσ, t) =
∫ µ+σ
0
dk
∫ k+q
|k−q|
dk′
[
f++(k
′, k, q)
z′ + k − k′ +
f+−(k′, k, q)
z′ + k + k′
]
︸ ︷︷ ︸
≡ I1(q, z;µσ, t)
+
∫ µ−σ
µ+σ
dk
∫ √P
|k−q|
dk′
[
f++(k
′, k, q)
z′ + k − k′ +
f+−(k′, k, q)
z′ + k + k′
]
︸ ︷︷ ︸
≡ I2(q, z;µσ, t)
, (21)
where P = 2q
(
µσ + tk
2/2q + qt/2 − k)/t and µ±σ ≡ µσ/(1 ± t). The expression I2(q, z;µσ, t) vanishes as t → 0,
whereas I1(q, z;µσ, t) reduces to the tilt-independent result when t → 0. To evaluate Eq. (18) we need to calculate
I1(q, z;µσ, t)− I1(q, z;−µσ, t), finding
I1(q, z;µσ, t)− I1(q, z;−µσ, t) = 2qµ+σ (q2 − z′2)
[
1−
∑
σ′,σ′′
F (σ′q, σ′′z′, µ+σ ) log
(
2µ+σ + σ
′′z′ − σ′q
σ′′z′ − σ′q
)]
, (22)
where we defined
F (q, z, µσ) ≡ 1
8µσq
[
(2µσ + z)
2 − q2
]
. (23)
Eq. (22) is just the same result one gets for t = 0, but evaluated at z′ = z−q · t and µ+σ = µσ/(1 + t). For the second
term we find
I2(q, z, µσ; t)−I2(q, z,−µσ; t) = 2qµ+σ (q2 − z′2)
[
t(q − z′)
q + z′t
+
∑
σ′,σ′′
F (σ′q, σ′′z′, µ+σ ) log
(
2µ+σ + σ
′′z′ − σ′q
σ′′z′ − σ′q
)
− q
8µ+σ
{(−2µσ + qt+ z′
q + z′t
)2
− 1
}{
log
(
2µ+σ − z′ − q
−z′ − q
)
− log
(
2µ−σ − z′ + q
−z′ + q
)}
+
q
8µ+σ
{(
2µσ + qt+ z
′
q + z′t
)2
− 1
}{
log
(
2µ−σ + z
′ − q
z′ − q
)
− log
(
2µ+σ + z
′ + q
z′ + q
)}]
. (24)
Finally, combining the results from Eq. (22) and Eq. (24) using Eq. (18) and reinstating vF , we find
σCME⊥ (q, ω) =
iqlΠ
l
⊥(q, ω
+; t)
q2
=
e2
4pi2
∑
σ=±
σµσSCME⊥
(
ω+
vF q
− t, µσ
vF q
; t
)
, (25)
5with
SCME⊥ (x, y; t) =
1− x2
2(1 + xt)
−
∑
σ,σ′=±
σKσ′(x, y; t)Hσσ′(x, y; t), (26)
in terms of the dimensionless functions
Kσ(x, y; t) ≡
(
1− x2
16y
)[(
2σy + t+ x
1 + xt
)2
− 1
]
and Hσσ′(x, y; t) ≡ log
(
1 +
2y
(1− σσ′t)(σ′x− σ)
)
. (27)
IV. LONG-WAVELENGTH LIMIT CHIRAL MAGNETIC CONDUCTIVITY FOR ARBITRARY ANGLE
TILT
In order to obtain the long-wavelength limit of the conductivities in Eq. (16), we take the limit q → 0 while keeping
x ≡ z/vF q fixed. The homogeneous limit then corresponds to x → ∞, whereas the static limit correponds to
x→ 0. To find the two conductivities separately, we need to calculate the projection of the current-current response
function onto t and q and subsequently form the linear combinations as written down in Eq. (16). To calculate the
necessary integrals we choose q along the z-axes without loss of generality and we denote q · t = qt‖. Furthermore,
we can put t in the xz-plane. Hence, when going to spherical coordinates (φ, θ, k), we have q · k = kq cos θ and
k · t = k(t⊥ cosφ sin θ + t‖ cos θ). Again we use the fact that the Heaviside functions in Eq. (12) are only nonzero
when σ′µσ > 0.
As an example of the calculations to be done, we calculate the projection of Π
(1)
l (q, z; t) onto q. Note that the
“(1)” refers to the part of the current-current response function which is not explicitly linear in t. This means that
we only include the first two pairs of terms in the form factor. Expanding for small q, we find when σ′ = +1 and
σ′′ = +1,
iqlΠ
l(1)
++(q, z; t) =
e2v2F
2
∑
σ
σ
∫
d3k
(2pi)3
[−q2 sin2 θ(cos θ + t‖)
k(x′ − cos θ)
]
δ(µσ − vF k − vFk · t) +O(q3)
= −e
2v2F q
2
2
∑
σ
σ
(2pi)3
∫ 2pi
0
dφ
∫ pi
0
dθ sin θ
∫ ∞
0
dkk
[
sin2 θ
(
cos θ + t‖
)
x′ − cos θ
]
δ(µσ − vF k − vFk · t) +O(q3)
= − e
2µ5
(2pi)3
∫ 2pi
0
dφ
∫ pi
0
dθ
[
sin3 θ
(
cos θ + t‖
)
x′ − cos θ
][
1
(1 + t⊥ cosφ sin θ + t‖ cos θ)2
]
+O(q3)
= −q
2e2µ5
(2pi)2
∫ pi
0
dθ
[
sin3 θ(cos θ + t‖)(1 + t‖ cos θ)[
x′ − cos θ][(cos θ + t‖)2 + (1− t2) sin2 θ]3/2
]
+O(q3)
= −q
2e2µ5
(2pi)2
∫ 1
−1
dy
[
(1− y2)(y + t‖)(1 + t‖y)[
x′ − y][(y + t‖)2 + (1− t2)(1− y2)]3/2
]
+O(q3), (28)
where we abbreviated x′ ≡ z/vF q − (q · t)/q ≡ x− (q · t)/q and used 2µ5 = µ+ − µ−. The last integral can be done
analytically, but we refrain from showing this partial result explicitly. Similarly, the contributions for σ′ = 1, σ′′ = −1
and σ′ = −1, σ′′ = 1 yield when we expand for small q,
iql
[
Π
l(1)
+− + Π
l(1)
−+
]
(q, z; t) =
e2v2F
2
∑
σ
σ
∫
d3k
(2pi)3
[−q2(x′ cos θ + cos 2θ)
vF k2
]
ϑ(µσ − vF k − vFk · t) +O(q3)
= −q
2e2µ5
(2pi)2
∫ 2pi
0
dφ
∫ pi
0
dθ
[
sin θ
(
x′ cos θ + cos 2θ
)
1 + t⊥ cosφ sin θ + t‖ cos θ
]
+O(q3)
= −q
2e2µ5
(2pi)2
∫ pi
0
dθ
[
sin θ
(
x′ cos θ + cos 2θ
)√
(cos θ + t‖)2 + (1− t2) sin2 θ
]
+O(q3)
= −q
2e2µ5
(2pi)2
∫ 1
−1
dy
[
x′y + 2y2 − 1√
(y + t‖)2 + (1− t2)(1− y2)
]
+O(q3). (29)
6Performing all remaining integrals explicitly and calculating the other contributions, we find for the two projections
iqlΠ
l(q, z; t) = q2(1 + t‖x′ − t2⊥)
[
SCME(x− t‖; t)
1− t2
]
e2µ5
2pi2
,
itlΠ
l(q, z; t) = q(t‖ + t2‖x
′ + t2⊥x
′)
[
SCME(x− t‖; t)
1− t2
]
e2µ5
2pi2
, (30)
where we defined
SCME(x′; t) ≡ (1− t
2)(1− x′2)
N2(x′; t)
[
1 +
(x′ + t‖)H(x′; t)
2N(x′; t)
]
=

1 as x→ 0
(1− t2)l(t) as x→∞
, (31)
in terms of the functions
H(x′; t) ≡ log
(
(x′ − 1)
[
1− t‖ + t2‖ + t‖x′ − t2(1 + x′) + (1− t‖)N(x′; t)
]
(x′ + 1)
[
1 + t‖ + t2‖ + t‖x
′ − t2(1− x′) + (1 + t‖)N(x′; t)
]
)
, (32)
and
N(x′; t) ≡
√
(1− t2)(1− x2) + (x+ t‖)2. (33)
Now we are in the position to form the linear combinations from Eq. (16). We find
σCME(q, ω) =
[
q2t2
(
1 + t‖x′ − t2⊥
)− q(q · t)(t‖ + t2‖x′ + t2⊥x′)
q2t2 − (q · t)2
]
e2µ5
2pi2
SCME(x′; t)
1− t2
=
e2µ5
2pi2
SCME
(
ω+
vF q
− t‖; t
)
, (34)
and
σAHE(q, ω) =
1
ω
[
q2(q · t)(1 + t‖x′ + t2⊥t‖ x′)− (q · t)q2(1 + t‖x′ − t2⊥)
q2t2 − (q · t)2
]
e2µ5
2pi2
SCME(x′; t)
1− t2
=
e2µ5
2pi2vF (1− t2)S
CME
(
ω+
vF q
− t‖; t
)
. (35)
Hence, as claimed in the main text we have σAHE(q, ω) = σCME(q, ω)/vF (1− t2) in the long-wavelength limit.
V. DYNAMICAL INTRINSIC ANOMALOUS HALL CONDUCTIVITY
When we project the response function in Eq. (12) onto t and consider q = 0, the chiral magnetic conductivity drops
out and we obtain the dynamical, planar, intrinsic anomalous Hall effect with current J(ω) = σAHE(ω)t×E(ω). The
corresponding dynamical anomalous Hall conductivity σAHE(ω) is given by
σAHE(ω) =
itlΠl(0, ω
+; t)
ωt2
. (36)
To calculate the dynamical conductivity we project Eq. (12) onto tl and evaluate it at q = 0, leading to
itlΠl(0,z; t) =
e2v2F
2
∑
σ,σ′,σ′′
σ
∫
d3k
(2pi)3
(t · k)(σ′ − σ′′)
k
[
σ′ϑ(σ′µσ(k)− Ek)− σ′′ϑ(σ′′µσ(k)− Ek)
z + σ′Ek − σ′′Ek
]
= −2ze2v2F
∑
σ
σ
∫
d3k
(2pi)3
[
t · k
k
][
ϑ(µσ − vFk · t− vF |k|)
4v2F |k|2 − z2
+
ϑ(−µσ + vFk · t− vF |k|)
4v2F |k|2 − z2
]
, (37)
7where the first term is only nonzero for µσ > 0, whereas the second term is only nonzero for µσ < 0. The second
term can be brought into the form of the first term by performing a change of integration variables k → −k, at the
cost of an overal minus sign. Below we find that the result of the integral over k of the first term is odd in µσ. Thus,
it suffices to calculate the first integral, yielding an answer valid for any sign of µσ. We proceed by putting t in
the z-direction without loss of generality and subsequently we use the spherical coordinates (φ, θ, k). The azimuthal
integration is trivial and yields 2pi. Thus, we find
σAHE(ω) =
itlΠl(0, ω
+; t)
ωt2
= − 2e
2v2F
(2pi)2t
∑
σ
σ
∫ pi
0
dθ
∫ ∞
0
dk
[
k2 sin θ cos θ
4v2F k
2 − (ω+)2
]
ϑ(µσ − vF k − vF kt cos θ)
= − 2e
2
(2pi)2vF t
∑
σ
σ
∫ 1
−1
dx x
∫ µσ
1+xt
0
dk
[
k2
4k2 − (ω+)2
]
= − e
2
16(2pi)2vF t
∑
σ
σ
[
8µσ
t
+
(
(2µσ + ω
+)2
zt2
− ω+
){
log
(
1 +
2µσ
(1 + t)ω+
)
− log
(
1 +
2µσ
(1− t)ω+
)}
+
(
(2µσ − ω+)2
ω+t2
− ω+
){
log
(
1− 2µσ
(1− t)ω+
)
− log
(
1− 2µσ
(1 + t)ω+
)}]
= − e
2
16(2pi)2vF t
∑
σ
σ
[
8µσ
t
+
16µσ
t
L+
(ω+
µσ
; t
){
H−+
(
0,
µσ
ω+
; t
)
−H−−
(
0,
µσ
ω+
; t
)}
+
16µσ
t
L−
(ω+
µσ
; t
){
H++
(
0,
µσ
ω+
; t
)
−H+−
(
0,
µσ
ω+
; t
)}]
=
e2
(2pi)2vF
∑
σ
σµσ
[
− 1
2t2
+
∑
σ′,σ′′
σ′′Lσ′
(ω+
µσ
; t
)
Hσ′σ′′
(
0,
µσ
ω+
; t
)]
, (38)
where we used the definition of Hσσ′(x, y; t) from Eq. (27) and defined the rational function
Lσ(y; t) ≡ y
2t2 − (2− σy)2
16yt3
. (39)
Appendix A: Conventions
We use the Minkowski metric ηµν with signature (−+ ++). Fourier transforms are defined as
f(x) =
∫
d4k
(2pi)4
f(k)eikµx
µ
=
∫
d4k
(2pi)4
f(k)e−iωt+ik·x. (A1)
The Clifford algebra reads {γµ, γν} = 2ηµν . In terms of the 2x2 identity matrix 12 and the Pauli matrices σi, we
represent our gamma matrices by
γ0 =
(
0 12
−12 0
)
, γi =
(
0 σi
σi 0
)
and γ5 =
(−12 0
0 12
)
, (A2)
such that (γ0)2 = −1, (γi)2 = 1 and {γ5, γ0} = {γ5, γi} = 0.
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